When binary black holes form in the field, it is expected that their orbits typically circularize before coalescence. In galactic nuclei and globular clusters, binary black holes can form dynamically. Recent results suggest that ≈ 5% of mergers in globular clusters result from three-body interactions. These three-body interactions are expected to induce significant orbital eccentricity 0.1 when they enter the Advanced LIGO band at a gravitational-wave frequency of 10 Hz. Measurements of binary black hole eccentricity therefore provide a means for determining whether or not dynamic formation is the primary channel for producing binary black hole mergers. We present a framework for performing Bayesian parameter estimation on gravitational-wave observations of black hole inspirals. Using this framework, and employing the non-spinning, inspiral-only EccentricFD waveform approximant, we determine the minimum detectable eccentricity for an event with masses and distance similar to GW150914. At design sensitivity, we find that the current generation of advanced observatories will be sensitive to orbital eccentricities of 0.05 at a gravitational-wave frequency of 10 Hz, demonstrating that existing detectors can use eccentricity to distinguish between circular field binaries and globular cluster triples. We compare this result to eccentricity distributions predicted to result from three black hole binary formation channels, showing that measurements of eccentricity could be used to infer the population properties of binary black holes.
I. INTRODUCTION
Binary black holes (BBH) are among the most extreme objects in the observable Universe, with their existence having been confirmed through the direct observations of gravitational waves by the Advanced Laser Interferometer Gravitational-wave Observatory (aLIGO) [1] and Virgo (AdV) [2] . To date, five confirmed BBH mergers have been observed by Advanced LIGO and Virgo [3] [4] [5] [6] [7] , in addition to one strong candidate [8] . The individual black holes of these systems are believed to have formed through either direct stellar collapse [9] , or from high-mass stars undergoing core-collapse supernovae [10] . The mechanism by which these black holes came to be in binaries is unknown, although a variety of formation scenarios have been proposed. Recent work investigates how measurements of black hole mass and spin distributions can elucidate the population properties of binary black holes [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] . It has also been suggested that the future Laser Interferometer Space Antenna (LISA) will be able to observe nearby stellar-mass BBH during the early inspiral phase. These observations would allow for long-term tracking of BBH orbital properties which can be used to infer the formation mechanism [30] , in addition to precise sky localisation prior to detections made by Advanced LIGO and Virgo [31, 32] . In this work, we focus on the measurement of eccentricity imprinted on the gravitational waveform of binary black holes ob- * mlower@swin.edu.au † eric.thrane@monash.edu ‡ paul.lasky@monash.edu served by advanced detectors such as LIGO and Virgo. We show that measuring the eccentricity of binary black holes using Bayesian parameter estimation can be used to test the dynamical formation hypothesis and other nonstandard channels. Measurements of eccentricity may also provide information about the globular clusters or galactic nuclei in which black hole binaries might form. Binary black holes formed as a result of isolated, massive stellar binary evolution are known as "field binaries". The stellar progenitors of these systems are predicted to have undergone either a series of common envelope stages [9] or chemically homogeneous stellar evolution [33, 34] . See also [35] 's proposal for fallback-driven mergers. Field binaries are expected to circularize by the time they enter the band of Advanced LIGO and Virgo so that the eccentricity is completely undetectable [36] .
Dynamic formation of BBH is hypothesized to occur within the dense stellar environments found in globular clusters and galactic nuclei, where the black hole population sinks toward the region of highest stellar density due to dynamic friction, before decoupling from the rest of the stellar environment [37] . This results in a dense subsystem of gravitationally interacting black holes [38, 39] . Binary black hole formation can then occur through a number of dynamic pathways, including various forms of three-body interactions between stars, other BBH or single black holes and other compact objects such as neutron stars or white dwarfs [40] [41] [42] .
A new picture of dynamic mergers is beginning to emerge from recent studies of globular clusters, which include proper treatment of general relativistic effects [43] [44] [45] [46] . While the overall rate of mergers in globular clusters remains highly uncertain, it is apparent that there are three populations of binary black hole mergers in globular clusters: ejected mergers outside the cluster, twobody mergers inside the cluster, and three-body mergers inside the cluster [43] [44] [45] [46] . Each population is described by a distinct distribution of gravitational-wave frequencies at formation, with ejected mergers forming at ∼ 10 −5 − 10 −3 Hz, two-body mergers inside the cluster forming at ∼ 10 −4 −10 −2 Hz, and three-body mergers forming near the observing band of advanced detectors at ∼ 1 − 100 Hz [43, 44] .
Since they form at low gravitational-wave frequencies, ejected mergers and two-body mergers inside the cluster will circularize by the time they enter the band of advanced detectors. However, recent work [43, 44] suggests that ≈5% of globular cluster mergers are a result three-body, which can enter the LIGO and Virgo bands with significant eccentricities. The prediction of three sub-populations with ≈5% three-body mergers is only weakly dependent on assumptions about the globular cluster such as the velocity dispersion and black hole density [43, 44] . The robustness of this prediction provides an opportunity to test whether dynamical formation within globular clusters is the primary channel for producing binary black hole mergers, as advanced detectors at design sensitivity will be capable of observing 100 black hole mergers per year. Detection of a single eccentric binary could provide evidence that dynamical mergers (or other non-standard evolutionary pathways) are a major source of binary black hole mergers, possibly the dominant one. On the other hand, if advanced detectors see no evidence of eccentricity after a large number of events, it will be possible to infer that dynamical mergers in globular clusters play a sub-dominant role in the production of binary black holes. The BBH mergers observed in the first observing run are consistent with no detectable eccentricity [8, 47, 48] . Studies on the BBH mergers seen in the second observing run with eccentric waveform models are yet to be performed [5] [6] [7] .
Our work improves upon [49] , which estimates the sensitivity of gravitational-wave detectors to eccentricity using a Fisher matrix approximation. Fisher matrix calculations such as those in [49] are useful for providing back-of-the-envelope estimates of the sensitivity of gravitational-wave detectors to different parameters. However, there are well-known limitations on what we learn from them [50] . First, Fisher matrix calculations model the likelihood as a covariant Gaussian when it is actually a more complicated distribution. As a consequence, the uncertainties quoted from Fisher matrix calculations tend to be overly optimistic. By carrying out Bayesian parameter estimation, we endeavor to derive results that take into account the full complexity of the likelihood function. We demonstrate the construction of posterior distributions for eccentricity.
Second, the Fisher matrix calculation does not yield actual posterior distributions for physical quantities; it only provides an estimate for what the posterior width should be if were one to carry out Bayesian inference. Generating posterior distributions in gravitationalwave astronomy is a computationally expensive task. Gravitational-wave astronomers typically employ lowcost waveform approximants in order to carry out parameter estimation on reasonable timescales. As a result, there is sometimes a large gulf between Fisher matrix calculations, which require only a few waveform evaluations, and Bayesian parameter estimation, which requires many thousands.
In this paper, we carry out Bayesian parameter estimation with currently available tools and derive posterior distributions for eccentricity. This is a first step in what is likely to be a long-term effort to develop increasingly sophisticated Bayesian inference for eccentric binaries.
The remainder of this paper is organized as follows. In Section II we outline the statistical framework and demonstrate the construction of posterior distributions for an eccentric GW150914-like event. We compare two metrics for distinguishing eccentric inspirals from corresponding quasi-circular events: an overlap statistic (Section II A) and a Bayes factor (Section II B). We show that the commonly-used overlap technique can significantly overestimate the sensitivity to eccentricity. We estimate the minimum distinguishable eccentricity using Bayesian methods, and compare to optimistic estimates found via the waveform overlap for an eccentric GW150914-like event in Section III. In Section IV we compare the eccentricity sensitivity of LIGO and Virgo to the distribution of eccentricity predicted for three BBH formation channels, including dynamical mergers in globular clusters.
II. BAYESIAN FRAMEWORK
We employ Bayesian inference to determine the parameters describing sources of gravitational waves θ from strain data h. The waveforms from the inspiral of BBH systems on quasi-elliptical orbits is described by a 17-dimensional parameter space, including the black hole masses {m 1 , m 2 }, spin vectors { S 1 , S 2 }, orbital eccentricity and argument of periapsis {e, ω}, and seven other parameters encoding the orientation and position of the binary relative to the detector. Parameter estimation of gravitational-wave signals is performed using a stochastic sampling algorithm. We utilize the code TUPAK [51] , which is a python wrapper for carrying out parameter estimation with off-the-shelf samplers [52] . In this instance, we employ the nested sampling package PyMultiNest [53] to sample the parameters describing gravitational-wave signals generated by waveform approximants available in LALSuite [54] .
While approximants that describe the full inspiral, merger and ringdown of eccentric, non-spinning BBH merger events exist [55, 56] , at the time of writing these models are yet to be implemented in LALSuite. In our analysis, we use a frequency-domain waveform approximant, EccentricFD [57] , which models the (l, |m|) = (2, 2) mode of non-spinning, eccentric black hole binaries up to the innermost stable circular orbit. It includes gravitational-wave phase corrections up to the 3.5 PostNewtonian (PN) order, and is accurate for modest eccentricities up to e = 0.4. Preliminary studies of the expected degeneracy between eccentricity and spin corrections suggest that analyzing BBH mergers with noneccentric (quasi-circular), spinning waveform models can result in the misclassification of eccentric events as coming from quasi-circular BBH [58] , and may introduce potential biases in the recovered binary parameters [59] . In addition, recent work by [60] using numerical relativity simulations of eccentric BBH have shown that the inclusion of higher order modes can significantly affect the waveforms from BBH with large mass ratios. We proceed with EccentricFD, which is currently available eccentric approximant in LALSuite, acknowledging its limitations and recommend that this analysis should be updated as more sophisticated approximants become available.
Using the current implementation of LALSuite, we are unable to alter the input argument of periapsis in EccentricFD. While this is not ideal for full eccentric parameter estimation, we are more interested in the effect the magnitude of the eccentricity (the parameter e). Hence, throughout this work the initial value of ω is always zero. Future work should sample over ω.
To avoid bias induced by the sharp cutoff at the end of the waveform [61] we introduce a frequency cut. This cut is set to be below the frequency at which the waveform terminates. When the frequency cut is not included, the mass posterior exhibits multi-modality that is not present when the cut is employed. Since the binary circularizes rapidly, we do not expect the merger and ringdown to include a strong signature of the eccentricity. However, by measuring the merger and ringdown, it is possible to better constrain other parameters, which may be covariant with eccentricity, thereby improving the measurement of eccentricity indirectly. Future analyses that include merger and ringdown may therefore achieve better constraints on eccentricity.
As a demonstration of this formalism, we carry out parameter estimation on a simulated event injected into Gaussian noise colored to match the amplitude spectral densities of Advanced LIGO and Virgo at their design sensitivities. We begin by assuming that a BBH merger has been detected by some other algorithm [62, 63] , either a dedicated search for compact binaries or an excess-power "burst" search [64] [65] [66] . For a discussion of the impact of eccentricity on compact binary detection, see [67, 68] . The luminosity distance and black hole masses are within the credible range of GW150914 [65] . A summary of the simulated binary parameters is provided in Table I . We assume this event is observed by two design sensitivity Advanced LIGO detectors situated at the Hanford and Livingston sites, and the Virgo detector in Italy, with noise sensitivity curves from [69] and [70] respectively. Each of the waveforms start at f min = 10 Hz, the minimum frequency that can be observed within the Advanced LIGO band at design sensitivity. We employ uniform prior distributions for the primary and secondary masses on the interval (5 M , 60 M ) and a uniform-in-volume prior on the distance
L from 100 − 2000 Mpc. We use standard priors for the extrinsic variables. For eccentricity we use log-uniform priors (at 10 Hz) on the interval 10 −4 < e < 0.4. Since the EccentricFD approximant does not accommodate spin, we set S 1 = S 2 = 0. Future analyses should allow for spin as more sophisticated approximants become available.
In Figure 1 , we plot the eccentricity posterior probability distributions for two simulated BBH inspirals, one with e = 0.1 (blue) and the other with e = 0 (red). The true eccentricity of the eccentric event, indicated by the dashed blue line, is within the 95% credible interval of the distribution peak. The posterior for the quasi- circular event rules out eccentricities greater than 0.02 with 95% confidence. We also plot the posterior probability distributions for the masses, eccentricity, distance and inclination for the eccentric simulation in Figure 2 . The contours in each two-dimensional posterior distribution represents the 68%, 95% and 99% confidence intervals. A figure showing the posterior distributions for the parameters not included in Figure 2 can be found in Appendix A.
In order to determine the minimum distinguishable eccentricity for a BBH like GW150914, we employ both an (overly) optimistic "overlap" method and model selection. The overlap method is useful for a quick backof-the-envelope answer. However, we later show that it does not provide a reliable estimate when compared with a Bayes factor calculation, which includes covariances between the binary parameters.
A. Waveform Overlap
The level of mismatch between two gravitational waveforms can be quantified by calculating the overlap function, first used in [71] . The overlap between an eccentric waveform h ε and a quasi-circular waveform h 0 , maximizing over the time and phase (t 0 , φ 0 ) of the quasi-circular waveform, is
where
and S h (f )is the noise power spectral density. The overlap takes on values between -1 (corresponding to waveforms 180
• out of phase) and 1 (for identical waveforms). Using the overlap rule of thumb, a gravitational waveform that includes eccentricity is distinguishable from the quasi-circular waveform if
where ρ 2 0 = h 0 |h 0 is the optimal matched-filter S/N of the quasi-circular waveform. This threshold 1 − O is referred to as the "mismatch," and is used for quantifying the required accuracy of waveform templates for detecting a gravitational-wave signal [71, 72] . The mismatch threshold is inversely proportional to the S/N of the quasi-circular waveform, allowing for smaller eccentricities to be probed using louder events.
While the overlap is handy for rough estimates, it is not trustworthy due to its reliance on prior knowledge of the precise binary parameters. As a result, the minimum distinguishable eccentricity found via this method is overly optimistic. It is possible to derive a generalized overlap reduction, which uses a χ 2 factor to take into account covariance between parameters [73] . However, even the generalized overlap is overly optimistic since it relies on a Fisher matrix approximation.
B. Bayes Factor
In order to correctly take into account covariances between different parameters, we employ Bayesian model selection. We calculate a Bayes factor comparing two hypotheses.
• Null hypothesis: the signal is accurately described by a template in which the orbital eccentricity is zero. That is, the prior on eccentricity is a delta function π(e) = δ(e).
• Eccentric hypothesis: the signal is best described by a waveform template in which eccentricity is non-zero. We employ a prior on eccentricity π(e) that is log-uniform between 10 −4 and 0.4.
In order to determine which hypothesis is favored by the data, we compute the Bayes factor
Here, π( θ) is the prior on binary parameters except for eccentricity and π(e) is our log-uniform prior on eccentricity. The variable L(h| θ) is the likelihood. Following convention, we employ a threshold of | ln(B)| > 8 as the point at which one model becomes significantly preferred over the other. The eccentricity for which ln(B) > 8 is the minimum detectable value.
III. DISTINGUISHING ECCENTRIC INSPIRALS
We compare the two methods (overlap and Bayes factor) using a set of simulated eccentric BBH inspiral events with component masses and distance similar to GW150914. The waveforms are generated using the parameters listed in Table I , with eccentricities ranging between 10 −4 and 0.4 at 10 Hz. Carrying out parameter estimation that takes advantage of the larger bandwidth of the two proposed thirdgeneration detectors, Cosmic Explorer (CE) [74] and the Einstein Telescope (ET) [75] (f min,CE = 5 Hz, f min,ET = 1 Hz), is computationally difficult because binary waveforms quickly become longer as the minimum frequency is reduced. The computational challenge is compounded by the fact that the likelihood function becomes highly peaked for events observed in third-generation detectors, and so the evidence calculation takes longer to converge.
For these reasons, we do not apply our Bayesian method using the sensitivity curves of CE and ET. However, we can use the waveform overlap method to place optimistic upper limits on the minimum distinguishable eccentricity that can be observed with these detectors. We calculate the overlap two ways: using f min = 10 Hz for comparison with LIGO and Virgo, and using a lower f min , 5 Hz for CE and 1 Hz for ET. For Advanced LIGO and Virgo, we assume the same detector network used in Section II for their respective overlap and Bayesian analyses. When applying the overlap method to the third generation detectors, we assume a network of either two CE or ET detectors located at the Hanford and Livingston sites with sensitivity curves from [76] and [77, 78] . Detector networks with additional detectors will be able to probe lower eccentricities.
In Figure 3 , we plot the overlap and the Bayes factor as a function of eccentricity. The thresholds for detectability are indicated with horizontal lines. The associated minimum detectable eccentricities (e min ) are given in Table II . For Advanced LIGO and Virgo, the overlap method yields a minimum distinguishable eccentricity of e min = 0.014 while the Bayes factor technique yields e min = 0.052. The fact that the Bayes factor technique yields a significantly larger minimum detectable eccentricity highlights the limits of the overlap method, which does not include covariance between different binary parameters. For a comparison of this result with [49] , refer to Appendix B.
As we discuss below, the 10 Hz eccentricity of globular cluster triples is likely to be well above this level. Triples are likely to constitute ≈ 5% of the mergers in globular clusters. Thus, if globular clusters are the primary source of BBH mergers, it should be possible for advanced detectors to infer this with O(100) events.
Using the overlap method, and setting f min = 10 Hz, the minimum eccentricity for third-generation detectors are e min = 1.9×10 −4 for CE and e min = 6.2×10 −4 for ET. This represents an improvement over the minimum distinguishable eccentricity observable by Advanced LIGO and Virgo for GW150914-like events by almost twoorders of magnitude. Repeating the calculation with smaller values of f min , we obtain e min = 1.7 × 10 −4 for CE integrating from 5 Hz, and e min = 2.4 × 10 −4 for ET integrating from 1 Hz. Note that the eccentricity is still referenced to 10 Hz no matter the minimum observing frequency. Additional details, exploring how the Bayes factor scales with both mass and matched-filter signalto-noise ratio are explored in Appendix C.
IV. ECCENTRIC POPULATIONS
While we have drawn attention to the recent predictions of high eccentricity from three-body mergers in globular clusters [43, 44] , there are a number of other predictions for eccentric mergers. Here, we compare the eccentricity distributions (shown in Figure 4 ) from three models of eccentric BBH formation to the minimum distinguishable eccentricities found in Section III. The three models that we consider are: (i) Globular Clusters (green distribution in Figure 4) . This is our fiducial model from [43] see also [44] -which includes contributions from ejected mergers (first peak, ∼ 10 −5 −10 −3 Hz), twobody mergers in the globular cluster (second peak, ∼ 10 −4 − 10 −2 Hz), and three-body mergers (third peak, ∼ 1 − 100 Hz). The merger rate from globular clusters is uncertain.
(ii) Galactic Nuclei (orange distribution in Figure 4) . This model, based on [79] , posits that binary black holes merge dynamically in the dense stellar environment of a galactic nuclei. These environments are significantly more challenging to model than globular clusters, and so the eccentricity distribution is less certain than the globular cluster model. Preliminary estimates of the merger rate for close flybys between BH in galactic nuclei are ∼ 0.02 yr −1 Gpc −3 for 10 M [80] black holes. This is comparatively low given the observed total BBH merger rate of 12 − 213 yr −1 Gpc −3 [5] . Recent work has investigated whether eccentric binaries are formed near supermassive black holes through the Kozai-Lidov mechanism, which may have merger rates more in-line with the observed rate [81] [82] [83] .
(iii) Field Triples (purple distribution in Figure 4 ). This model invokes hierarchical black hole triples undergoing Lidov-Kozai oscillations, which form as the result of isolated field triple evolution [84] . Unlike the other two model, these mergers are not dynamical. The eccentricity distribution for hierarchical triples presented in [84] was derived from the output of complex three-body simulations. We approximate the eccentricity distribution of the hierarchical triple systems as a Gaussian in log 10 (e) with a mean of µ = −3 with a variance σ = 0.7. A small fraction of mergers originating from BH triple systems (∼ 5%) are predicted to enter the Advanced LIGO band with extreme eccentricities of nearly unity [84] . Preliminary estimates of the merger rate for field triples range from 0.14 − 6 yr −1 Gpc −3 [84, 85] , which is small compared to the total observed merger rate. However, the rate of eccentric field triples may be comparable to the rate from globular clusters if natal kicks are small [84, 85] . The field triple rate may also be increased in lowmetallicity environments [86] .
For the Galactic Nuclei model, it is necessary to evolve the eccentricity distribution at formation to the LIGO band, with the initial semi-major axis and eccentricities calculated from the analytic methods outlined in [79, 87] . In order to evolve the system forward in time, we use the analytic expression describing the evolution of semi-major axis as a function of eccentricity from [36] , 
where c 0 is a constant, the value of which depends on the initial semi-major axis and eccentricity as 
The frequency of the emitted gravitational waves evolves according to [88] f gw (a, e) √ GM tot π
(1 + e) 1.1954 [a(1 − e 2 )] 3/2 .
We evolve the semi-major axis and eccentricity of the Galactic Nuclei BBH until the peak gravitationalwave frequency enters the Advanced LIGO band at f min = 10 Hz. The eccentricity distributions for these three formation models are presented in Figure 4 , with the minimum distinguishable eccentricities from Table II for The green distribution shows binaries formed in globular clusters [43] . From left to right: the first peak is from ejected binaries, the second is from two-body mergers in the binary, and the third peak is from three-body mergers [44] . Field triples are shown in purple [84] . Direct capture within galactic nuclei is shown in orange [79] . Vertical lines correspond to the different minimum distinguishable eccentricities calculated from the overlap (red) and Bayes factor (blue) methods for the eccentric GW150914-like events analyzed in Table II. highly eccentric peak in the Globular Cluster distribution results from the 5% of mergers originating from three-body driven mergers. These three-body mergers enter the advanced-detector band with sufficient eccentricity that it is likely they can be distinguished from circular binaries. This conclusion is robust if one makes slightly different assumptions about the velocity dispersion relation and/or black hole density in globular clusters. If globular clusters are the dominant source of binary black hole mergers, we will probably know after approximately 20 detections. If there is no evidence of eccentricity after 100 mergers, it may be possible to conclude that globular clusters play a sub-dominant role in creating black hole binary mergers. We can also conclude from Figure 4 that more than half of events in the Galactic Nuclei model can be distinguished from circular binaries. However, this result is probably best taken with a grain of salt since it is difficult to model the dynamics of galactic nuclei. We also see that it is possible to measure eccentricity in a few percent of events from the Field Triples model. It may be possible to distinguish between the Field Triples model and Globular Clusters model by looking for binaries with eccentricities of e ≈ 10 −1.5 , which are only present in the Field Triples model.
Turning our attention to third-generation detectors, we see that both CE and ET may be capable of catching the second peak in the Globular Cluster model, which is due to two-body BBH mergers within the globular cluster. Note the CE and ET sensitivities should be taken with some level of caution since they are derived using the optimistic overlap calculation. Measuring two different components of the Globular Cluster distribution could provide a powerful confirmation of the globular cluster paradigm.
V. DISCUSSION
We do not know the precise formation mechanism of the BBH detected by Advanced LIGO and Virgo. The capability of detecting eccentricity in the orbits of BBH systems would help us to understand BBH formation and allow us to probe the environment in which these systems reside. In this paper, we demonstrate Bayesian parameter estimation using the inference code TUPAK [51] with the PyMultiNest sampler. We calculate the sensitivity of Advanced LIGO and Virgo to eccentricity using Bayesian model comparison. We contrast the Bayesian model selection sensitivity with a naive sensitivity calculated with an overlap factor. For an event with similar masses and distance to GW150914, the minimum distinguishable eccentricity -determined using Bayesian model selection -is e = 0.052 at 10 Hz. We find that, all else equal, it is easier to detect the eccentricity of relatively lower mass systems (see Appendix C).
We then compare the minimum detectable eccentricity to distributions for three different models: Globular Clusters, Galactic Nuclei, and Field Triples. We find that second-generation detectors should be able to find evidence for or against the hypothesis that the observed BBH rate is dominated by globular cluster binaries with about 20-100 events. The globular cluster hypothesis will gain support if ≈ 5% of Advanced LIGO/Virgoband binaries exhibit large eccentricities, which can result from three-body driven mergers. This result is relatively robust to different assumptions about the velocity dispersion and black hole density in globular clusters. Third-generation detectors may be able to observe twobody mergers with much lower eccentricity, which would further cement the globular cluster paradigm.
The framework described in this paper can also be utilized in population studies, where an ensemble of eccentric detections could allow advanced detectors to probe smaller eccentricities than we report. Implementation of this is left for future studies. In Figure 5 we present posterior distributions for the gravitational-wave polarization angle (ψ), binary phase at coalescence (φ), coalescence time (t c ), and the source location on the sky in right-ascension and declination (α, δ).
Appendix B: Comparison with Fisher Matrix Results
Here we compare the minimum eccentricity from our Bayes factor calculation to the eccentricity uncertainty derived in [49] using a Fisher matrix calculation (see their Figure 4 ). There are significant caveats that we must first make owing to the very different nature of these two calculations. First, while both analyses consider events similar to GW150914, [49] considers a binary with an initial eccentricity of e 0 = 0.9 at formation, while we consider waveforms with e 0.4 as they enter the Advanced detector frequency band at f GW = 10 Hz. Given a reliable approximant, such a highly eccentric waveforms are easier to detect than a less eccentric waveforms, however we are limited to the more modest eccentricities allowed by EccentricFD. Second, as we note above, the Fisher matrix calculation provides an optimistic result by modeling the likelihood function as a multivariate Gaussian, which it is not. Third, [49] employs a new waveform model, which is not currently available for Bayesian parameter estimation using LALSuite. This model has some similarities to EccentricFD in that it models the (l, |m|) = (2, 2) mode of non-spinning, inspiral only eccentric BBH. However it is restricted to leading order PN corrections to the gravitational-wave phase, while EccentricFD includes corrections up to the 3.5PN order. Fourth, we assume a different detector network and different sky locations.
Noting all of these caveats, we estimate the median uncertainty from Figure 4 in [49] to be ≈ 10 −3.2 . Taking account the ratio of the different injection distances (440 Mpc/100 Mpc=4.4), we estimate the [49] uncertainty to be σ e ≈ 0.003 at 410 Mpc. It is impossible to directly compare the frequentist σ e to our Bayes factor, but speaking roughly, a log Bayes factor of eight is, in some sense, comparable to a five sigma detection. Thus, accounting for the differences in distance, and accounting for the difference in sigmas, we estimate the [49] uncertainty to be 5σ e ≈ 0.014 at 410 Mpc. Remarkably, this result is consistent with our waveform overlap result, but is 3.7 times smaller than our value of e min = 0.052. This last point is to be expected given the apple-to-orange nature of this comparison.
Appendix C: Scaling Relations
In this section, we discuss scaling relations for how e min depends on the S/N and total system mass M tot . Higher S/N yields more sensitive measurements of all parameters, including e. The mass of the black holes determines the time taken for a binary to merge. The longer the binary spends in band, the easier it is to measure the effect of eccentricity. We explore scaling relations in two ways:
(i) We vary the S/N of a set of eccentric events each with the same fixed binary parameters (including mass). The S/N is varied by adjusting the distance.
(ii) We inject events with total BH masses of either M tot = 30 M , 60 M or 90 M , with fixed S/N.
While much of the S/N from M tot = 60 M and 90 M BBH mergers comes from the merger and ringdown, numerical relativity simulations suggest eccentric BBH circularize by the late insprial stage [89] . Hence the lack of merger and ringdown phases in EccentricFD may not significantly affect our ability to measure eccentricity. Additional investigation with improved approximants will determine if this is true.
In Figure 6 , we plot the eccentric-vs-circular log Bayes factor ln(B) as a function of the matched filter signal-tonoise ratio ρ. The black curve shows a 2-degree polynomial fit. In Fig 7, we plot ln(B) as a function of mass given a fixed eccentricity e = 0.075 and fixed S/N. We observe that, all else equal, lower-mass systems provide more sensitive measurements of eccentricity than highermass systems. This is likely because lower-mass systems have more cycles in the observing band. 
